Cognitive computation, such as e.g. language processing, is conventionally regarded as Turing computation, and Turing machines can be uniquely implemented as nonlinear dynamical systems using generalized shifts and subsequent Gödel encoding of the symbolic repertoire. The resulting nonlinear dynamical automata (NDA) are piecewise affine-linear maps acting on the unit square that is partitioned into rectangular domains. Iterating a single point, i.e. a microstate, by the dynamics yields a trajectory of, in principle, infinitely many points scattered through phase space. Therefore, the NDAs microstate dynamics does not necessarily terminate in contrast to its counterpart, the symbolic dynamics obtained from the rectangular partition. In order to regain the proper symbolic interpretation, one has to prepare ensembles of randomly distributed microstates with rectangular supports. Only the resulting macrostate evolution corresponds then to the original Turing machine computation. However, the introduction of random initial conditions into a deterministic dynamics is not really satisfactory. As a possible solution for this problem we suggest a change of perspective. Instead of looking at point dynamics in phase space, we consider functional dynamics of probability distributions functions (p.d.f.s) over phase space. This is generally described by a Frobenius-Perron integral transformation that can be regarded as a neural field equation over the unit square as feature space of a dynamic field theory (DFT). Solving the Frobenius-Perron equation, yields that uniform p.d.f.s with rectangular support are mapped onto uniform p.d.f.s with rectangular support, again. Thus, the symbolically meaningful NDA macrostate dynamics becomes represented by iterated function dynamics in DFT; hence we call the resulting representation dynamic field automata.
INTRODUCTION
According to the central paradigm of classical cognitive science and to the Church-Turing thesis of computation theory (cf., e.g., [2, 13, 27, 33] ), cognitive processes are essentially rule-based manipulations of discrete symbols in discrete time that can be carried out by Turing machines. On the other hand, cognitive and computational neuroscience increasingly provide experimental and theoretical evidence, how cognitive processes might be implemented by neural networks in the brain.
The crucial question, how to bridge the gap, how to realize a Turing machine [33] by state and time continuous dynamical systems has been hotly debated by "computationalists" (such as Fodor and Pylyshyn [8] ) and "dynamicists" (such as Smolensky [30] ) over the last decades. While computationalists argued that dynamical systems, such as neural networks, and symbolic architectures were either incompatible to each other, or the former were mere implementations of the latter, dynamicists have retorted that neural networks could be incompatible with symbolic architectures because the latter cannot be implementations of the former; see [9, 32] for discussion.
Moore [19, 20] has proven that a Turing machine can be mapped onto a generalized shift as a generalization of symbolic dynamics [17] , which in turn becomes represented by a piecewise affine-linear map at the unit square using Gödel encoding and symbologram reconstruction [6, 14] . These nonlinear dynamical automata have been studied and further developed by [10, 11] . Using a similar representation of the machine tape but a localist one of the machine's control states, Siegelmann and Sontag have proven that a Turing machine can be realized as a recurrent neural network with rational synaptic weights [29] . Along a different vain, deploying sequential cascaded networks, Pollack [23] and later Moore [21] and Tabor [31, 32] introduced and further generalized dynamical automata as nonautonomous dynamical systems (see [12] for a unified treatment of these different approaches).
Inspired by population codes studied in neuroscience, Schöner and co-workers devised dynamic field theory as a framework for cognitive architectures and embodied cognition where symbolic representations correspond to regions in abstract feature spaces (e.g. the visual field, color space, limb angle spaces) [7, 26] . Because dynamic field theory relies upon the same dynamical equations as neural field theory investigated in theoretical neuroscience [1, 34] , one often speaks also about dynamic neural fields in this context.
In this communication we unify the abovementioned approaches. Starting from a nonlinear dynamical automaton as point dynamics in phase space in Sec. 2, which bears interpretational peculiarities, we consider uniform probability distributions evolving in function space in Sec. 3. There we prove the central theorem of our proposal, that uniform distributions with rectangular support are mapped onto uniform distributions with rectangular support by the underlying NDA dynamics. Therefore, the corresponding dynamic field, implementing a Turing machine, shall be referred to as dynamic field automaton. In the concluding Sec. 4 we discuss possible generalizations and advances of our approach. Additionally, we point out that symbolic computation in a dynamic field automaton can be interpreted in terms of contextual emergence [3] [4] [5] .
A nonlinear dynamical automaton (NDA: [10] [11] [12] ) is a triple MNDA = (X, P, Φ) where (X, Φ) is a time-discrete dynamical system with phase space X = [0, 1] 2 ⊂ R 2 , the unit square, and flow Φ : X → X. P = {Dν |ν = (i, j), 1 ≤ i ≤ m, 1 ≤ j ≤ n, m, n ∈ N} is a rectangular partition of X into pairwise disjoint sets, Dν ∩ Dµ = ∅ for ν = µ, covering the whole phase space X = ν Dν , such that Dν = Ii × Jj with real intervals Ii, Jj ⊂ [0, 1] for each bi-index ν = (i, j). Moreover, the cells Dν are the domains of the branches of Φ which is a piecewise affinelinear map The NDA's dynamics, obtained by iterating an orbit {xt ∈ X|t ∈ N0} from initial condition x0 through
describes a symbolic computation by means of a generalized shift [19, 20] when subjected to the coarse-graining P. To this end, one considers the set of bi-infinite, "dotted" symbolic sequences
with symbols ai k ∈ A taken from a finite set, an alphabet A. In Eq. (3) the dot denotes the observation time t = 0 such that the symbol right to the dot, ai 0 , displays the current state, dissecting the string s into two one-sided infinite strings s = (s
. . as the left-hand part in reversed order and sR = ai 0 ai 1 ai 2 . . . as the right-hand part. Applying a Gödel encoding
, where ψ(aj) ∈ N0 is an integer Gödel number for symbol aj ∈ A and bL, bR ∈ N are the numbers of symbols that could appear either in sL or in sR, respectively, yields the so-called symbol plane or symbologram representation (x, y) T of s in the unit square X [6, 14] .
A generalized shift emulating a Turing machine 4 is a pair MGS = (A Z , Ψ) where A Z is the space of bi-infinite, dotted sequences with s ∈ A Z and Ψ :
with
4 A generalized shift becomes a Turing machine by interpreting a i −1 as the current tape symbol underneath the head and a i 0 as the current control state q. Then the remainder of s L is the tape left to the head and the remainder of s R is the tape right to the head. The DoD is the word w
where σ : A Z → A Z is the usual left-shift from symbolic dynamics [17] , F (s) = l dictates a number of shifts to the right (l < 0), to the left (l > 0) or no shift at all (l = 0), G(s) is a word w ′ of length e ∈ N in the domain of effect (DoE) replacing the content w ∈ A d , which is a word of length d ∈ N, in the domain of dependence (DoD) of s, and s ⊕ G(s) denotes this replacement function.
From a generalized shift MGS with DoD of length d an NDA MNDA can be constructed as follows: In the Gödel encoding (4) the word contained in the DoD at the left-hand-side of the dot, partitions the x-axis of the symbologram into intervals Ii, while the word contained in the DoD at the right-hand-side of the dot partitions its y-axis into intervals Jj , such that the rectangle Dν = Ii × Jj (ν = (i, j)) becomes the image of the DoD. Moore [19, 20] has proven that the map Ψ is then represented by a piecewise affine-linear (yet, globally nonlinear) map Φ with branches at Dν .
In general, a Turing machine has a distinguished blank symbol, ⊔ delimiting the machine tape and also some distinguished final states indicating termination of a computation [13] . If there are no final states, the automaton is said to terminate with empty tape s = ⊔ ∞ .⊔ ∞ . By mapping ψ(⊔) = 0 through the Gödel encoding, the terminating state becomes a fixed point attractor (0, 0)
T ∈ X in the symbologram representation. Moreover, sequences of finite length are then described by pairs of rational numbers by virtue of Eq. (4). Therefore, NDA Turing machine computation becomes essentially rational dynamics.
In the framework of generalized shifts and nonlinear dynamical automata, however, another solution appears to be more appropriate for at least three important reasons: Firstly, Siegelmann [28] further generalized generalized shifts to so-called analog shifts, where the DoE e in Eq. (7) could be infinity (e.g. by replacing the finite word w in the DoD by the infinite binary representation of π). Secondly, the NDA representation of a generalized shift should preserve structural relationships of the symbolic description, such as the word semigroup property of strings. Beim Graben et al. [11] have shown that a representation of finite strings by means of equivalence classes of infinite strings, the so-called cylinder sets in symbolic dynamics [18] lead to monoid homomorphisms from symbolic sequences to the symbologram representation. Then, the empty word ε, the neutral element of the word semigroup, is represented by the unit interval [0, 1] of real numbers. And thirdly, beim Graben et al. [10] combined NDAs with dynamical recognizers [21, 23, 31] to describe interactive computing where symbols from an information stream were represented as operators on the symbologram phase space of an NDA. There, a similar semigroup representation theorem holds.
For these reasons, we briefly recapitulate the cylinder set approach here. In symbolic dynamics, a cylinder set is a subset of the space A Z of bi-infinite sequences from an alphabet A that agree in a particular building block of length n ∈ N from a particular instance of time t ∈ Z, i.e.
is called n-cylinder at time t. When now t < 0, n > |t| + 1 the cylinder contains the dotted word w = s−1.s0 and can therefore be decomposed into a pair of cylinders (C ′ (|t|, t), C(|t| + n − 1, 0)) where C ′ denotes reversed order of the defining strings again. In the Gödel encoding (4) each cylinder has a lower and an upper bound, given by the Gödel numbers 0 and bL − 1, bR − 1, respectively. Then
where the suprema have been evaluated by means of geometric series. Thereby, each part cylinder C is mapped onto a real interval [inf(C), sup(C)] ⊂ [0, 1] and the complete cylinder C(n, t) onto the Cartesian product of intervals R = I × J ⊂
2 as to NDA macrostates, distinguishing them from NDA microstates x of the underlying dynamical system. In other words, the symbolically meaningful macrostates are emergent on the microscopic NDA dynamics. We discuss in Sec. 4 how a particular concept, called contextual emergence, could describe this phenomenon [3] [4] [5] .
DYNAMIC FIELD AUTOMATA
From a conceptional point of view it does not seem very satisfactory to include such a kind of stochasticity into a deterministic dynamical system. However, as we shall demonstrate in this section, this apparent defect could be easily remedied by a change of perspective. Instead of iterating clouds of randomly prepared initial conditions according to a deterministic dynamics, one could also study the deterministic dynamics of probability measures over phase space. At this higher level of description, introduced by Koopman et al. [15, 16] into theoretical physics, the point dynamics in phase space is replaced by functional dynamics in Banach or Hilbert spaces. This approach has its counterpart in neural [1, 34] and dynamic field theory [7, 26] in theoretical neuroscience.
In dynamical system theory the abovementioned approach is derived from the conservation of probability as expressed by a Frobenius-Perron equation [22] ρ(x, t) =
where ρ(x, t) denotes a probability density function over the phase space X at time t of a dynamical system, Φ t : X → X refers to either a continuous-time (t ∈ R + 0 ) or discrete-time (t ∈ N0) flow and the integral over the delta function expresses the probability summation of alternative trajectories all leading into the same state x at time t.
Temporal Evolution
In the case of an NDA, the flow is discrete and piecewise affinelinear on the domains Dν as given by Eq. (1). As initial probability distribution densities ρ(x, 0) we consider uniform distributions with rectangular support R0 ⊂ X, corresponding to an initial NDA macrostate,
where |R0| = vol(R0) is the "volume" (actually the area) of R0 and
is the characteristic function for a set A ⊂ X. A crucial requirement for these distributions is that they must be consistent with the partition P of the NDA, i.e. there must be a bi-index ν = (i, j) such that the support R0 ⊂ Dν.
Inserting (10) into the Frobenius-Perron equation (9) yields for one iteration
In order to evaluate (12), we first use the product decomposition of the involved functions:
and
where the intervals I0, J0 are the projections of R0 onto x-and yaxes, respectively. Correspondingly, Φx and Φy are the projections of Φ onto x-and y-axes, respectively. These are obtained from (1) as
Using this factorization, the Frobenius-Perron equation (12) separates into
Next, we evaluate the delta functions according to the well-known lemma δ(f (x)) = l:simple zeros
where
i.e. one zero for each ν-branch, and hence
Inserting (21), (22) and (23) into (19) , gives
Next, we take into account that the distributions must be consistent with the NDA's partition. Therefore, for given x ∈ Dν there is only one branch of Φ contributing a simple zero to the sum above. Hence, 
Proof (by means of induction).
1. Inserting the initial uniform density distribution (10) for t = 0 into Eq. (24), we obtain by virtue of (14) ux(x, 1) = 1
Deploying (11) yields
1 :
Where we made use of (17) .
Moreover, we have
The same argumentation applies to the y-axis, such that we eventually obtain
with R1 = Φ(R0) the image of the initial rectangle R0 ⊂ X. Thus, the image of a uniform density function with rectangular support is a uniform density function with rectangular support again. 2. Assume (25) is valid for some t ∈ N. Then it is obvious that (25) also holds for t + 1 by inserting the x-projection of (25) into (24) using (14), again. Then, the same calculation as under 1. applies when every occurrence of 0 is replaced by t and every occurrence of 1 is replaced by t + 1.
By means of this construction we have implemented an NDA by a dynamically evolving field. Therefore, we call this representation dynamic field automaton (DFA).
Kernel Construction
The Frobenius-Perron equation (12) can be regarded as a timediscretized Amari dynamic neural field equation [1] which is generally written as
Here, τ is the characteristic time constant of activation decay, w(x, x ′ ) denotes the synaptic weight kernel, describing the connectivity between sites x, x ′ ∈ X and f is a typically sigmoidal activation function for converting membrane potential u(x, t) into spike rate f (u(x, t) ).
Discretizing time according to Euler's rule with increment ∆t = τ yields
For τ = 1 and f (u) = u the Amari equation becomes the FrobeniusPerron equation (12) when we set
This is the general solution of the kernel construction problem [12, 25] . Note that Φ is not injective, i.e. for fixed x the kernel is a sum of delta functions coding the influence from different parts of the space X = [0, 1] 2 . Note further that higher-order discretization methods of explicit or implicit type such as the Runge-Kutta scheme could be applied to Eq. (27) as well. But in this case the relationship between the Turing dynamics as expressed by the Frobenius-Perron equation (9) and the neural field dynamics would become much more involved. We leave this as an interesting question for further research.
DISCUSSION
In this communication we combined nonlinear dynamical automata as implementations of Turing machines by nonlinear dynamical systems with dynamic field theory, where computations are characterized as evolution in function spaces over abstract feature spaces. Choosing the unit square of NDAs as feature space we demonstrated that Turing computation becomes represented as dynamics in the space of uniform probability density functions with rectangular support.
The suggested framework of dynamic field automata may exhibit several advantages. First of all, massively parallel computation could become possible by extending the space of admissible p.d.f.s. By allowing either for supports that overlap the partition of the underlying NDA or for multimodal distribution functions, one could prepare as many symbolic representations one wants and process them in parallel by the DFA. Moreover, DFAs could be easily integrated into wider dynamic field architectures for object recognition or movement preparation. They could be programmed for problem-solving, logical interferences or syntactic language processing. In particular, Bayesian inference or the processing of stochastic grammars could be implemented by means of appropriate p.d.f.s.
For those applications, DFAs should be embedded into timecontinuous dynamics. This involves the construction of more complicated kernels through solving inverse problems along the lines of Potthast et al. [12, 25] . We shall leave these questions for future research.
The construction of DFAs has also interesting philosophical implications. One of the long-standing problems in philosophy of science was the precise relationship between point mechanics, statistical mechanics and thermodynamics in theoretical physics: Is thermodynamics merely reducible to point mechanics via statistical mechanics? Or are thermodynamic properties such as temperature emergent on mechanical descriptions?
Due to the accurate analysis of Bishop and Atmanspacher [5] , point mechanics and statistical mechanics simply provide two different levels of description: On one hand, point mechanics deals with the dynamics of microstates in phase space. On the other hand, statistical mechanics, in the formulation of Koopman et al. [15, 16] (see  Sec. 3), deals with the evolution of probability distributions over phase space, namely macrostates, in abstract function spaces. Both are completely disparate descriptions, none reducible to the other. However, the huge space of (largely unphysical) macrostates must be restricted to a subspace of physically meaningful thermal equilibrium states that obey a particular stability criterium (essentially the maximum-entropy principle). This restriction of states bears upon a contingent context, and in this sense, thermodynamic properties have been called contextually emergent by [5] .
Our construction of DFAs exhibits an interesting analogy to the relationship between mechanical micro-and thermal macrostates: Starting from microscopic nonlinear dynamics of an NDA, we used the Frobenius-Perron equation for probability density functions in order to derive an evolution law of macrostates: The time-discretized Amari equation (27) with kernel (28) . However, with respect to the underlying NDA, not every p.d.f. can be interpreted as a symbolic representation of a Turing machine configuration. Therefore, we had to restrict the space of all possible p.d.f.s, by taking only uniform p.d.f.s with rectangular support into account. For those macrostates we were able to prove that the resulting DFA implements the original Turing machine. In this sense, the restriction to uniform p.d.f.s with rectangular support introduces a contingent context from which symbolic computation emerges. (Note that uniform p.d.f.s also have maximal entropy).
